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^ Abstract 

D \ It was previously shown that most of the superstrings can be obtained from those 



with higher world-sheet supersymmetry as spontaneously broken phases. In this paper, 



^ ■ we show that the small = 4 superstring, which was left out of this hierarchy of the 

H ; 

5^ , universal string, can be obtained from the large = 4 strings. We also show that 

the N = 2 string is a special vacuum of small = 4 string. Thus all the known 
superstring theories can be derived from a universal string by spontaneous breakdown of 
supersymmetry. 
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Recently it has been shown that any = (A^ = 1) string can be obtained from 

= 1 (A^ = 2) superstring as a spontaneously broken phase This remarkable 
discovery has opened the possibility of constructing a universal string from which all 
known string theories can be derived just by selecting different vacua. Indeed this has 
been further generalized, and it is now known that an arbitrary A^-extended superstring 
can be regarded as a special class of vacua for (A^ + 1) superstring 0. 

At the moment, this hierarchy has been successfully formulated for A^-extended super- 
strings based on linear superconformal algebras (SCAs) with SO{N) current algebra [0]. 
However there is an important class of superstrings which is usually termed the 'small' 
A^ = 4 superstring with only SU{2) current algebra. This class of superstrings is the 
largest extended one that has been formulated by lagrangian and also constitutes an 
interesting theory from the point of view of topological string. It is thus important to 
examine if this class of superstrings also belongs to the hierarchy of the universal string 
or if it is completely decoupled from such a unified approach. 

The purpose of this paper is to show that it is in fact possible to embed the small 
A^ = 4 superstring into the hierarchy. We will show that the N = 2 superstring is realized 
as a special vacuum of the small A^ = 4 superstring, which in turn is realized in the large 
A^ = 4 superstring. We also point out that the large A^ = 4 superstring with an arbitrary 
parameter x (the ratio of the levels of SU (2) current algebras contained in the theory) is 
realized in the already existing embeddings. This completes the program of the universal 
string concerning the linear SCA 0]. 

In order to discuss the embeddings of some superstring theory into the small A^ = 4, 
we must first ask what theory can be embedded into the small A^ = 4 string. This can be 
easily answered if one notices that the A^ = 3 superstring contains a symmetry generator 
of dimension | which is not present in the small A^ = 4 superstring. Consequently the 
largest super-subalgebra of the small A^ = 4 SCA is the N = 2 SCA. We thus conclude 
that it is only possible to embed the N = 2 superstring into the small A^ = 4 string. 

Let us first discuss the embedding of A^ = 2 superstrings into the small A^ = 4 one. 
For this purpose, we use N = 2 superfields. Thus the small A^ = 4 SCA can be written 
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in the N = 2 superfields as follows: 

1 [Zi)l {Zj2) ~ -2 \ ; , 

2^12 ^12 



^12 ^12 / 



rpl rv \ri I ry /^12^12 2\ Vl^G a ^ Qvi^ Vl^G a 

^\Z\)Ga\Z2) ~ 2 H , 

V Z\2 ^12 / Zi2 

where Gc and Ga are chiral and antichiral superfields, respectively. Here Z = {z,9,9), 
and D = dg — O^d^, D = Oq — O^d^ are the covariant derivatives, and 2:12 = zi — Z2 + 
^{6162 + 0162), 9i2 = 01 - 02, 012 = 01 - 02- The N = 2 subalgebra is given by the first 
line of eq. (P with the generator T alone. 

In order to embed the N = 2 superstring into the small = 4, we take an arbitrary 
background Tm for the N = 2 superstring which satisfies the first relation in eq. (|I]). We 
then introduce two sets of chiral and antichiral fields (CcPc), {Ca,f3a), corresponding to 
the generators Gc and Ga- Here ^c,Ca are anticommuting fields of spin — ^ while Pc, Pa 
are commuting ones of spin 1 with the operator product expansion (OPE) 

UZl)Pc{Z2) ~ ^, UZl)f3a{Z2) ~ ^. (2) 

Z12 Z12 
These fields are regarded as part of matter fields of our theory. We then find the following 
(non-critical) realization satisfies the small = 4 SCA ([l|) with the central charge shifted 
to c- 18: 



T = T^ + 2DicPc-icD[3c-2DiaPa + iaPa 

Gc = Pc + d' 

Ga = Pa. (3) 







The critical algebra is for c = 6. However the non-critical realization may be useful in 
analyzing the properties of topological strings. 

It should be noted that the structure of the additional super-generator Gc is com- 
pletely different from the known embeddings |]. In these cases, it was obtained just 



by "improving" the BRST current by total derivatives such that it satisfies the correct 
OPE. However our generator Gc has a fundamentally different structure from the BRST 
current. 

Substituting the generators for c = 6 into the BRST operator for the small = 4 
string 



Q 



sNi 



2TTi 



Ct{T+ ^dCtBt + ^DCtDBt + ^DCtDB, + 2DC,S, + C.DE, 



-2DCcB^ - C^DB^ 



BfCcCa 



^ dzdO ^ ^ 



dzde 
2^1 



CaGa 



(4) 



we find 

QsN4 



dzd^e 
2m 



Ct{Tm + \dCtBt + ]^DCtDBt + ]^DGtDBt + 2DGaBa + CaDB, 



-2DCA - C,DB, - 2D^Ja + ^aD(3a + 2D^,(3, - i,D(3,) - B^C^Ca 

r dzdO ^ ^ r dzdO ^ ^ 

We can show the equivalence of this particular class of the small = 4 string to the 
N = 2 string. Our method to show this is to use a similarity transformation that maps 
this BRST operator for the small = 4 superstring to a sum of those for the N = 2 
and topological sectors 0|. We find that the following similarity transformation does this 
job: 



(6) 



where 



and where 



Qn=2 

Qtop 
Ri 

R2 

R3 



(Tm + \dC,B, + \DC,DBt 
Zm \ 2 2 



1 



DCtDBt 



r dzde ^ ^ r dzM ^ ^ 

9 ^r-CcPc + f ^^Gaf3a 
J 2Tii J 2m 

f dzd'^9 ^ ^ „ 
J 2m 

f dzd'^9 ^ ^ ^ 

- f ^—Gc^aD^aBa, 



dzdd 



(7) 



dzd^e 

2m 



(8) 



With this form of the BRST operator, it is obvious that the cohomology of the 
QsNi is a direct product of those of Qn=2 and Qtop- The BRST operator Qtop imposes 
the condition that the fields {Cc, Be, Pc) as well as {Ca, Ba,^a, Pa) decouple from the 
physical sector and the cohomology of the operator consists only of their vacuum. Thus 
we obtain one-to-one correspondence of the cohomologies of Qsna and Qn=2, and the 
small = 4 string propagating in the background described by (|]) is equivalent to the 
N = 2 string. It has also been shown that this phenomenon can be interpreted as a 
spontaneous breakdown of superconformal symmetry [Q. 

Let us next turn to the embedding of the small = 4 into the large = 4 superstring. 
In order to discuss this embedding, it turns out convenient to express the = 4 SCA in 
A^ = 1 superfields H]: 



T{Z,)0{Z2) ~ -^T + ^^T+l—DT+^dT, 

^12 2 Zi2 2 Z\2 Zi2 



T{Z,)0{Z2) ~ ho^-^O + l—DO + ^dO, 

Zl2 2 Zi2 Z\2 

T{Z,)E{Z2) - ^±^^ + l—DH+^-^dH, 

Zi2 2 Z\2 Z\2 

C,{Z,)C^{Z2) - ^^_9±±l2^^ C3(Z0C3(Z2)~+ + ^, 

Zl2 Zi2 Zi2 



N3{Zi)CJZ2) ~ N±{Zi)C3{Z2) ~ T 



Zl2 Zl2 

N± + 6>i2C± 

Zl2 



Ns{Z,)C,iZ2) r. -I^-^, Ar,(ZOC,(Z,)^l|^ + ^^^i^M±flH^, 

^12 Zi2 Zi2 Zi2 

Ns{Z,)N±{Z2) ~ ^N±, N+{Z,)N_{Z2)^ — -—2Ns, 

Zl2 Z\2 Z\2 

N;{Z,)N^{Z2) ^, H{Z,)C±{Z2)^^, 

Zl2 Zi2 

N - 
H{Z,)C,iZ2) H{Z{)H{Z2) ^, (9) 

2^12 Zi2 



where Z = {z,6), D = de + 6dz is the A^ = 1 covariant derivative, zu = Zi — Z2 + 
6*1^2,^12 = 01 — 02 and the operators O stand for C±,C3, N±, with their dimensions 
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he = 1, /iAT = |, respectively.^ Here T, A^, H are fermionic superfields, C are bosonic and 
the central charge c and k are given as 

c = 3^1, k = ki + k2, (10) 

in terms of the levels ki, k2 of the two SU{2) current algebras in the large = 4 SCA. 
Notice that the generators T, C make a closed algebra which is the small A^ = 4 SCA. It 
is interesting to notice that the algebra can be expressed without explicit dependence on 
the ratio of the levels of current algebras. 

We note that here is a very special situation different from all embeddings known so 
far [|], 3. Since the small A^ = 4 SCA is a subalgebra of the large A^ = 4, the OPEs of 
unbroken generators with unbroken ones close as usual.0 In the usual embeddings, the 
OPEs of unbroken generators with broken ones give broken ones. However, in our special 
case, the OPE of C with A^ involves C. This makes our embedding very special. 

In the usual case, all the unbroken generators are again themselves unbroken gen- 
erators in the theory with higher symmetries. However, here this cannot be the case 
because they are independent of the additional matter fields and cannot have nonzero 
OPE with A^ generators which consist of solely new additional matter fields. It turns 
out that the generators C need an infinite number of terms dependent on the new fields, 
just as the non-critical embeddings found in ref. 0. Remarkably we can determine the 
explicit structure of these infinite terms from the consistency of the OPE (^). 

Now our realization is as follows. We take generators T^, Cm which satisfy the small 
^ The component structure of the = 1 superfields in the notation of ref. is as follows: 

T = i(G(i,2)+G(2,i)) + 0T, C+ = 2ff+ + 20[G(i,i) + (l + a^)F('i^i)], 
C_ = 2i7_ - 20[G(2,2) + (1 + 2:)F('2_2)], C3 = 2H3 + 9[G^2.j) - G(i,2) - (1 + 3, + (1 + x)J^2,i)], 

N+ = 2i^(i,i)+0(H+- J+), 7V_ = -2F(2.2)+e(i/-- J-), 

where G,H, J and F are the super generators, two SU{2) currents and fermionic currents, respectively. 
^We are referring as "unbroken" to those generators that remain exact in the broken phase {N — 2 

superconformal generator T in our previous example) and to other generators as "broken" . 
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= 4 SCA in (|) with c = — 12 and introduce additional matter fields 7+), (6 , 7_), 
(6^ 73), (6°, 70) of spins (|, 0). They have the OPE 



7,(Zi)6^(Z2)~5; 



^12 



(11) 



Here and in what follows, we denote commuting fields by /?, 7 and anticommuting ones 
by b, c unless otherwise stated. We then find that the following generators satisfy the 
large = 4 algebra (|^) with c = 0, k = 0: 



C3 

N_ 
H 



Cm,+ + 2r D73 + 26°D7+ + E C+,„, 

n=l 

00 

C,n,- + 2b'Dj. + 26+D70 + E C-,n, 

71=1 

C„,,3 - 6+D7+ + 6-D7_ - 6=^D73 + 6°D7o + ^ C^^n, 

n=l 

b' - 6~73 - 6°7+, 

5+_b+7o-feV, 
1 



(53 _ ^0 _ ^+^_^ ^ _ ^3^^ ^ ^0^^)^ 



1 



(12) 



where 



T 



-Dd 



l,n, 1 ^ (fc + /-l)!(n-A:-/-l)! ^;^„„2;-fc,.fc 
+ -7o + 2^ Z (7+7-) 73 7o 



n 



Lk 



k\{n-k-2l)\ 



C4 



7o - 7o"~'73 + (n - l)7+7-7o 
+ E 



/(/-l)(fc + /-2)!(n-fc-/)! . , 

-(7+7-) 7o 73 



E 



(/!)2 A;!(n-A;-2/)! 

1 (A; + - 2 - A: - /)!^,,+2.,, ^,„.2-2/-fc,,fc^ 

70*-^" 



Crr 



(/!)2 A;!(n-2- A;-2/)! 



-274 



7o 



n-i , ^ (A; + /-l)!(n-l-A;-/)! y _i_2z_fc fc 
E77n2 U7Z 1 ^7a1 17+7-) 7o 73 



f^(/!)2 k\{n - 1 - k - 2l)\ 



m.3 



6 



^ „-i 4 {k + l)\{n-2-k-l)\ I 



^ 41 {k + l)\{n-2~ k-l)\ , .^.^ , ri-i-21-k k 
Y. nu, 1 on, (7+7-)'('97+)73 7o, 



/c!(n-l-/c-2/)! 

- E nn2 ' u^^' ' o on,^ 7;7- ^7o 

-2 



1 (A; + /)!(n ~2-k- /)!_^, _,+2_^_2_2z-. a.^ 

73*-^™,+ 



k\{n-2-k-2l)\ 
+ [7? - 7r'7o + (n - 1)7+7-7? 



+ 2^ ^TTT^ ^:T7I L — ^7n1 (7+7-) 73 7o 



+27_ 



(/!)2 k\{n-k-2l)\ 

I {k + l)\{n-2- k-l)\ 
ftiW k\{n-l-k-2iy. 



Cm,- 



(7+7- j 7o 73 



a 



m,3 



(/!)2 A;!(n-2- A;-2/)! 



73 > 



(^3,71 — 



-7- 



^ (fc + / - l)!(n - 1 - A; - /)! _ y.,n-i-2;-fc..fc 
7o +Z^77iT^ ^771 ^ L — ^TTl (7+7-) 7o 73 



+7+ 



73-^ 



(/!)2 k\{n - 1 - k - 2l)\ 
^(/!)2 k\{n - 1 - k - 2iy. 



a 



m,+ ) 



Cn 



2 (A; + /)!(n-2- A;-/)! 



"-jtW k\{n-2-k-2iy 



TO, 3 



-2(57o)7o"' + 2(^73)73-' + E 



2/ (A; + ;-l)!(n-l-A;-/)! 



ft(n)^ Ac!(n-l-A;-20! 



(7+7-)' 



X 



(573)7 



n-l-2l-k^,k 



7o - (57o)7o 



n-l-2l-k^,k 



73 



^ 2 (A; + 0!(ri-2- A;-/)! , r,^ , ri-2-2i-k k 

+ E .,n2 o OA. (7+7-)' (57+)7-73 7o 



,^ (/!)2 A;!(n-2- A;-2Z)! 

-7+(57-)7o 



n-2-2Z-fc, fc 
73 



(13) 



where the sums over Ac and / run over non-negative integers. 
The large N — A BRST operator is given by 

f dzdO 

Qn4 = J [ctT + 7e+C+ + 7e_C_ + 703(^3 + c„+iV+ + Cn-N_ + c^^N^ + ChH 



-Ts/2{P', Ct) + T,{b'^, 7e+) + T,{b'-,Jc-) + ^l(6'=^ 7c3) + ri/2(/?"+, c„+) 



-/?*(7,3)' + 4(D7,+)6,37c- - 47c+/5*7c- + 27,+ (D6^3)7c- + (/^c„3)/?Sc3 



5/1 /Q^Sn 



3n± 



(14) 



where the ghosts for each generators are labelled by their corresponding subscripts and 
superscripts, and 



T^ib, c) = {-lY'+^jbdc + {-ly^ Q - dbc + ^DbDc, 



(15) 



is the energy-momentum tensor for the (6, c)-system of spin {j, | — j). In eq. ([T5|) , the 
statistics of the fields {b, c) are not restricted except that b and c have opposite characters, 
and et is odd (even) for anticommuting (commuting) b. Substituting the generators (P^) 
into (0), we obtain the BRST operator for this system which contains an infinite number 
of terms. 

We now show that the BRST operator can be mapped by a series of similarity trans- 
formations into the sum of those for the small = 4 string Qsna and topological sector 



where 



Q 



sN4 



dzdO 
-1, 



QsN4 + Qtopi 



[CtT + -fc+C+ + ^a-C- + 7C3C3 



(16) 



+Q (^-T3/2(A,q) + Ti(6^+,7,+) + Ti(&'=-,7,_) +Ti(&^^7,3; 
±2(D7,3)&^±7c± ± lc3Db'H± - P\lc3)' + 4(D7c+)&^'7c- 



47,+/?*7,_ + 27,+ (D6^^)7 



Qtop 



dzdO 
2m 



Cn+b- + Cn-b^ + ]^Cra{b^ - 6°) - hhip" + 6°) 



(17) 



Ri 



To show this, we first transform it by 
f dzdO 



27Ti 



{7c+(73 - 7o) + 7c37-}&'^ - {7c- (73 - 7o) + 7^37+}^''' 
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+2(7c+7+ - 7c-7-)&'' - (73 + 70) (7+^^ + 1-b-) - (7o + 7+7-)&° - ill + 7+7-)^' 



on3 



+ |7+Cn+ - 7-C„- + ^73(c„3 - Ch) + ^7o(c„3 + Ch)| 
- |7+c„+ + 7_c„_ + i73(c„3 - Ch) - ^70(0^3 + Ch)| Z?'' . (18) 

Remarkably this transformation brings the total BRST operator into a sum of finite 
number of terms. The next transformation generated by 

[{7c3(/3"=^ + P') - 27e-/?"-}I^7o + {icsiP"-' - P') - 27c+/3"+}I>73 
+{7c3/?"- + 27e+(/3"' + f3')}Dj^ - {7c3r+ + 27c-(r' - f3')}DjJ\ , (19) 

then eliminates irrelevant cubic terms from the BRST operator. A final transformation 
by 

r (izfJf) 1 

^3 = y ^2'^*^^"^'^^- " + '^""^^+ - D(3^-D-f+ + /?"3a(^3 - ^0) 

-D/?"3d(^3 _ _ p'^Oi'ys + 70) + D/9"Z^(73 + 70)], (20) 

maps it to the sum of Qsna + Qtop- In the same manner as the N = 2 string, the 
BRST operator Qtop imposes the condition that the fields (c„±, P"''^, 7=p, 6^), (c„3, P"'^, 73 — 
70) ^{b^ — ^°))) (c/i,/?'*,73 + 7o, |(&^ + ^°)) all fall into the quartet representation of the 
BRST operator and hence decouple from the physical sector. Thus the large = 4 
superstring in our particular background is equivalent to the small = 4 superstring. 

Finally let us discuss if the general large N = 4 superstrings can be embedded into 
higher superstrings in the spirit of the universal string. It has been shown in ref. [0 that 
the critical condition for the large = 4 superstring is that the total central charge is 
zero but that the ratio x of the levels of the two SU{2) current algebras in its SCA can 
be arbitrary. In ref. 0, those with the equal levels were embedded into the hierarchy of 
superstrings. The question thus remains if the general large = 4 superstring with c = 
but an arbitrary x can be embedded into the A^ = 5 superstrings. However, as can be 
seen from eq. (y), the critical A^ = 4 SCA can be written in the same form for an arbitrary 
ratio of the levels just by changing the correspondence with the component generators. 
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We have checked that this is true also when it is written in = 2 superfields. Hence 
after this appropriate redefinitions of the superfield generators, the reahzation given in 
ref. is actually valid for an arbitrary ratio of the levels. 

This completes the program of embedding all the superstrings into the unified frame- 
work of the universal string. 
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